
Function Projective Synchronization of Discrete-Time Chaotic Systems

Xin Lia,c, Yong Chena,b,c, and Zhibin Lib,c

a Nonlinear Science Center and Department of Mathematics, Ningbo University,
Ningbo 315211, China

b Institute of Theoretical Computing, East China Normal University, Shanghai 200062, China
c Key Laboratory of Mathematics Mechanization, Chinese Academy of Sciences,

Beijing 100080, China

Reprint requests to Y. C.; E-mail: chenyong@nbu.edu.cn

Z. Naturforsch. 63a, 7 – 14 (2008); received July 26, 2007

First, a function projective synchronization is defined in discrete-time dynamical systems, in which
the drive and response state vectors evolve in a proportional scaling function matrix. Second, based on
backstepping design with three controllers, a systematic, concrete and automatic scheme is developed
to investigate the function projective synchronization of discrete-time chaotic systems. With the aid
of symbolic-numeric computation, we use the proposed scheme to illustrate the function projective
synchronization between the 2D Lorenz discrete-time system and the Fold discrete-time system, as
well as between the 3D hyperchaotic Rössler discrete-time system and the Hénon-like map. Numeric
simulations are used to verify the effectiveness of our scheme. By choosing different scaling func-
tions, the interesting attractor figures of the drive and response systems are showed in a proportional
scaling function.
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1. Introduction

Chaos (hyperchaos) synchronization has received
considerable attention because of its potential appli-
cations in secure communication and complex net-
works, since the pioneering works of Fujisaka and
Yamada [1], Pecora and Carroll [2], Pyragas [3],
and Ott et al. [4]. Up to now, there exist many
types of chaos synchronization in dynamical systems
such as complete synchronization, partial synchro-
nization, phase synchronization, lag synchronization,
anticipated synchronization, generalized slag, antici-
pated and completed synchronization, antiphase syn-
chronization [5 – 11]. In particular, amongst all kinds
of chaos synchronization, projective synchronization
in partially linear systems reported by Mainieri and
Rehacek [12] is one of the most noticeable ones that
evolves the drive and response vectors in a propor-
tional scale – the vectors become proportional. Re-
cently, some researchers [13 – 15] extended the projec-
tive synchronization to partially nonlinear systems, and
based on their work, we have proposed the function
projective synchronization (FPS) in continuous-time
systems which evolve the drive and response vectors
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in a proportional scaling function matrix [16]. Many
powerful methods have been reported to investigate
some types of chaos (hyperchaos) synchronization in
continuous-time systems. In fact, many mathematical
models of neural networks, biological processes, phys-
ical processes and chemical processes were defined
using discrete-time dynamical systems [17 – 20]. Re-
cently, more and more attention was paid to the chaos
(hyperchaos) control and synchronization in discrete-
time dynamical systems [21].

Backstepping design [21 – 24] has become a system-
atic and powerful method for the construction of both
feedback controllers and associated Lyapunov func-
tions. The design method has been applied to investi-
gate control and synchronization of many continuous-
time dynamical systems [24 – 27]. Up to now, some ar-
ticles have been reported extending the backstepping
design to deduce some proper controllers to investigate
chaos control and synchronization in some discrete-
time dynamical systems [21, 28 – 31]. Recently, we
give a more general definition of the function projec-
tive synchronization to synchronize two different sys-
tems up to a scaling function matrix f with different
initial values [16]. The corresponding framework of
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synchronization is set up and used to achieve a func-
tion projective synchronization design of two differ-
ent chaotic systems: the unified chaotic system and the
Rössler system.

In this paper, on the lines of the function synchro-
nization thought, we define a type of function projec-
tive synchronization in discrete-time dynamical sys-
tems. Based on the backstepping design method, we
present a systematic and automatic algorithm to inves-
tigate simultaneously the FPS, via controllers between
the discrete-time drive system and response system,
whether it is with strict-feedback form or not. With the
aid of symbolic-numeric computation, the proposed
scheme is used to illustrate the FPS between the 2D
discrete-time Lorenz system and the Fold discrete-time
system, as well as the 3D hyperchaotic discrete-time
Rösler system and the Hénon-like map. Moreover nu-
merical simulations are used to verify the effectiveness
of the proposed scheme.

This paper is arranged as follows: In Section 2, we
introduce the FPS in discrete-time systems. In Sec-
tion 3, we investigate the function projective synchro-
nization in the 2D Lorenz discrete-time dynamical sys-
tem and the Fold system. In Section 4, we investigate
the FPS between the 3D Rössler discrete-time system
and the Hénon-like map. Finally, some conclusions and
discussion are given in Section 5.

2. FPS of Discrete-Time Chaotic Systems

In the following, similar to the definition of function
projective synchronization in continuous-time dynam-
ical systems, we define a FPS in discrete-time dynami-
cal systems, and then give a Lyapunov stability theory
for discrete-time dynamical systems.

Definition: For two discrete-time (chaotic or hy-
perchaotic) dynamical systems (i) x(k + 1) = F(x(k))
and (ii) y(k + 1) = G(y(k)) + u(x(k),y(k)), where
(x(k),y(k)) ∈Rm+m, k ∈ Z/Z−, and u(x(k),y(k))∈ Rm,
let (iii) E(k) = (E1(k),E2(k), . . . , Em(k)) = (x1(k)−
f1(x(k))y1(k),x2(k) − f2(x(k))y2(k), . . . , xm(k) −
fm(x(k))ym(k)) be boundary vector functions, if
there exist proper controllers u(x(k),y(k)) = (u1(x(k),
y(k)),u2(x(k),y(k)), . . . , um(x(k),y(k)))T such that
limk→∞(E(k)) = 0. We say that there exists func-
tion projective synchronization (FPS) between the sys-
tems (i) and (ii).

Based on the Lyapunov stability theory, for
the error discrete-time (iii) generated by drive
system (i) and the response system (ii), let

L(E1(k),E2(k), . . . ,Em(k))|Ei(k)≡0(i=1,2,...,m) = 0,
if �L(k) = L(k + 1) − L(k) ≤ 0, with the equality
holding if and only if Ei(k) ≡ 0 (i = 1,2, . . . ,m). It is
said that systems (i) and (ii) are function projective
synchronized.

In this paper based on the backstepping design
method, we would like to present a systematic, gener-
alized and constructive scheme to seek the controllers
such that the 2D Lorenz discrete-time system and the
2D Fold discrete-time system with strict-feed form, as
well as the 3D hyperchaotic Rössler discrete-time sys-
tem and the 3D Hénon-like map with strict-feed form
are function projective synchronized.

Remark: It is necessary to point out that the
controller u depends on the synchronization method
chosen. When Ei(k) = 0 (i = 1, . . . ,m), u = f−1F −G,
where f = diag( f1(x(k)), . . . , fm(x(k))), u = f−1F −G
is the situation when all the error functions equal to
zero and the corresponding controller is trivial. For
Ei(k) = 0, we need only to solve the equations
(E1(k),E2(k), . . . ,Em(k)) = (x1(k) − f1(x(k))y1(k),
x2(k) − f2(x(k))y2(k), . . . ,xm(k) − fm(x(k))ym(k)) =
(0,0, . . . ,0) to get the trivial controller u. So here we
just consider the general condition limk→∞(E(k)) = 0.

3. FPS of the 2D Lorenz Discrete-Time System
and the Fold Discrete-Time System

Consider the Lorenz discrete-time system

x1(k + 1) = (1 + αβ )x1(k)−β x1(k)x2(k),

x2(k + 1) = (1−β )x2(k)+ β x2
1(k),

(3.1)

and the Fold system with controllers u(x,y)

y1(k + 1) = y2(k)+ ay1(k)+ u1(x,y),

y2(k + 1) = b + y2
1(k)+ u2(x,y),

(3.2)

as the drive system and response system, respectively.
Firstly we give out the figures (Fig. 1a and Fig. 1b)

of the two systems with initial variables [x1(0) =
0.1,x2(0) = 0.2] and [y1(0) = −0.5,y2(0) =−0.3], re-
spectively. Here α = 1.25, β = 0.75, a = −0.1, and
b = −1.7.

In the following, we would like to realize the FPS of
the Lorenz discrete-time system and the Fold discrete-
time system by the backstepping design method.
We choose ( f1(x), f2(x)) = (1,1 + tanh(x2(k))) and
( f1(x), f2(x)) = (2,2), respectively.

(I): Let the error states be E1(k) = x1(k)− y1(k),
E2(k) = x2(k)− (1 + tanh(x2(k)))y2(k), here f1(x) =
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Fig. 1. (a) Lorenz discrete-time attractor; (b) Fold discrete-time attractor.

1, f2(x) = 1 + tanh(x2(k)). Then from (3.1) and (3.2),
we have the discrete-time error dynamical system

E1(k + 1) = (1 + αβ )x1(k)−β x1(k)x2(k)
− y2(k)−ay1(k)−u1(x,y),

E2(k + 1) = β x1(k)2 +(1−β )x2(k)− y1(k)2 −b

−u2(x,y)− tanh((1−β )x2(k)

+ β x1(k)2)(b + y1(k)2 + u2(x,y)). (3.3)

In the following based on the backstepping design
and the improved ideas of [28, 30], we give a sys-
tematic and constructive algorithm to derive the con-
trollers u(x,y) step by step such that systems (3.1)
and (3.2) are synchronized together.

Step 1. Let the first partial Lyapunov function be
L1(k) = |E1(k)| and the second error variable be

E2(k) = E1(k + 1)− c11E1(k), (3.4)

where c11 ∈ R. Then we have the derivative of L1(k):

∆L1(k) = |E1(k + 1)|− |E1(k)|
≤ (|c11|−1)|E1(k)|+ |E2(k)|.

(3.5)

Step 2. Let

E2(k + 1)− c21E1(k)− c22E2(k) = 0. (3.6)

Then with the aid of symbolic computation, from the
above equations (3.4) and (3.6) we obtained the con-

trollers

u1(x,y) = (1 + αβ − c11)x1(k)−β x1(k)x2(k)
− (a− c11)y1(k)− x2(k)
+ y2(k) tanh(x2(k)),

u2(x,y) = [(1−β − c22)x2(k)+ β x1(k)2 −b− y1(k)2

+(b + y1(k)2) tanh((β −1)x2(k)

−β x1(k)2)− c21x1(k)+ c21y1(k)
+ c22y2(k)(1 + tanh(x2(k)))]

/(tanh((β −1)x2(k)−β x1(k)2)−1). (3.7)

Let the second partial Lyapunov function be L2(k) =
L1(k) + d1|E2(k)|, where d1 > 1, then the derivative
of L(k) is

∆L(k) = L2(k + 1)−L2(k)
= ∆L1(k)+ d1(|E2(k + 1)|− |E2(k)|)
≤ (|c11|−1 + d1|c21|)|E1(k)|

+(1−d1 + d1|c22|)|E2(k)|.

(3.8)

It follows that the right-hand side of (3.8) is negative
definite, if the following conditions hold:

|c11|+ d1|c21| < 1, d1 −d1|c22| > 1. (3.9)

Obviously, there exist many sets of solutions
[c11,c21,c22] that satisfy (3.9). In the following we use
numerical simulations to verify the effectiveness of the
above-mentioned controllers. The parameters are cho-
sen as d1 = 2, c11 =−0.2, c21 = −0.25, c22 = 0.4, and
the initial values of system (3.1) and (3.2) with u = 0
are taken as those in Figure 1. The graphs of FPS error
states and the global picture of the drive and response
systems are displayed in Figs. 2a, 2b and 3.
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Fig. 2. Orbits of the error states. (a) The orbit of e1; (b) the orbit of e2.
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Fig. 3. Two attractors after being synchronized with
( f1(x), f2(x)) = (1,1 + tanh(x2(k))): the dark one is the re-
sponse system with the controllers, and the other one is the
drive system.

(II): Let the error states be E1(k) = x1(k)− 2y1(k),
E2(k) = x2(k)− 2y2(k), that is f1(x) = 2, f2(x) = 2.
Similarly, from (3.1) and (3.2), we have the discrete-
time error dynamical system

E1(k + 1) = (1 + αβ )x1(k)−β x1(k)x2(k)

−2ay1(k)−2y2(k)−2u1(x,y),

E2(k + 1) = −2b + β x2
1(k)+ (1−β )x2(k)

−2y2
1(k)−2u2(x,y).

(3.10)

Repeating the process in (I), we get the attractors

u1(x,y) =
1
2
(1 + αβ − c11)x1(k)− 1

2
β x1(k)x2(k)

− 1
2

x2(k)+ (c11 −a)y1(k),

u2(x,y) = −b− 1
2

c21x1(k)+
1
2

β x2
1(k)

+
1
2
(1−β − c22)x2(k)− y2

1(k)

+ c21y1(k)+ c22y2(k). (3.11)

Taking the same values of [c11, c21, c22, d1] and the
same initial values, we also use numerical simulations
to verify the effectiveness of the above-mentioned con-
trollers. The graphs of FPS error states and the global
picture of the drive and response systems are displayed
in Figs. 4a, 4b and 5.

4. FPS of the 3D Rössler Hyperchaotic System and
the Hénon-Like Map

Consider the 3D hyperchaotic Rössler discrete-time
system

x1(k + 1) = 3.8x1(k)(1− x1(k))
−0.05(x3(k)+ 0.35)(1−2x2(k)),

x2(k + 1) = 3.78x2(k)(1− x2(k))+ 0.2x3(k),
x3(k + 1) = 0.1(1−1.9x1(k))

· [(x3(k)+ 0.35)(1−2x2(k))−1],

(4.1)

and the 3D Hénon-like map

y1(k + 1) = 1 + y3(k)−αy2
2(k)+ u1(x,y),

y2(k + 1) = 1 + β y2(k)−αy2
1(k)+ u2(x,y),

y3(k + 1) = β y1(k)+ u3(x,y),

(4.2)

as the drive system and response system, respectively.
Firstly we give out the figures (Fig. 6a and Fig. 6b)

of the two systems with initial variables [x1(0) = 0.1,
x2(0) = 0.2, x3(0) =−0.5] and [y1(0) =−0.5, y2(0) =
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Fig. 4. Orbits of the error states. (a) The orbit of e1; (b) the orbit of e2.
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Fig. 5. Two attractors after being synchronized with
( f1(x), f2(x)) = (2,2): the dark one is the response system
with the controllers, and the other one is the drive system.

0.2, y3(0) = 0.1], respectively. Here α = 1.4 and β =
0.2.

To realize the synchronization, let the error states
be E1(k) = x1(k) − (1 + x2

1(k))y1(k)/2, E2(k) =
x2(k)+y2(k), E3(k) = x3(k)−2y3(k). Then from (4.1)
and (4.2), we obtain the discrete-time error dynamical
system 4.3

E1(k + 1) = 3.8x1(k)(1− x1(k))−0.05(x3(k)+0.35)

· (1−2x2(k))−0.05(x3(k)+ 0.35)(1−2x2(k))

− (1 + y3(k)−αy2(k)2 + u1(x,y))
[
1 +(3.8x1(k)

· (1− x1(k))−0.05(x3(k)+ 0.35)(1−2x2(k)))2]/2,

E2(k + 1) = 3.78x2(k)(1− x2(k))+0.2x3(k)+ 1

−β y2(k)−αy1(k)2 + u2(x,y),

E3(k + 1) = 0.1(1−1.9x1(k))
[
(x3(k)+ 0.35)

· (1−2x2(k))−1
]−2β y1(k)−2u3(x,y). (4.3)

Based on the backstepping design method and Lya-
punov stability theory, we can get the controllers step
by step like in Section 3. Here we omit the concrete
process. Finally, with the aid of symbolic computation,
from

E1(k) = x1(k)− (1 + x2
1(k))

2
y1(k), (4.4)

E2(k) = E1(k + 1)− c11E1(k), (4.5)

E3(k) = E2(k + 1)− c21E1(k)− c22E2(k), (4.6)

E3(k+1)−c31E1(k)−c32E2(k)−c33E3(k) = 0, (4.7)

we get the controllers u1(x,y),u2(x,y) and u3(x,y):

u1(x,y) =
[
280x3(k)αy2(k)2 −196x2(k)αy2(k)2

−1600x3(k)2x2(k)2y3(k)+ 196x2(k)2αy2(k)2

+2331680x1(k)2αy2(k)2 −121600x1(k)x3(k)x2(k)

−4620800x1(k)3αy2(k)2

+121600x1(k)x3(k)x2(k)αy2(k)2 −320000c11x1(k)

−121600x1(k)2x3(k)x2(k)αy2(k)2 + 196x2(k)y3(k)

+160049αy2(k)2 + 1237280x1(k)−16280x3(k)
−308604x2(k)−160049y3(k)−320000y2(k)

−3547680x1(k)2 −1120x3(k)x2(k)αy2(k)2

−1600x3(k)2x2(k)αy2(k)2+1600x3(k)2x2(k)2αy2(k)2

+1120x3(k)x2(k)2αy2(k)2 + 42560x1(k)x2(k)αy2(k)2

−42560x1(k)2x2(k)αy2(k)2−60800x1(k)x3(k)αy2(k)2

+60800x1(k)2x3(k)αy2(k)2

+121600x1(k)2x3(k)x2(k)y3(k)

−121600x1(k)x3(k)x2(k)y3(k)+ 400αx3(k)2y2(k)2

+1600x3(k)2x2(k)y3(k)−1120x3(k)x2(k)2y3(k)

+1120x3(k)x2(k)y3(k)−21280x1(k)αy2(k)2
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Fig. 6. (a) Attractor of the Rössler hyperchaotic system; (b) attractor of the Hénon-like map.

+121600x1(k)2x3(k)x2(k)+ 160000c11y1(k)x1(k)2

+2310400αx1(k)4y2(k)2 + 60800x1(k)x3(k)y3(k)

−42560x1(k)x2(k)y3(k)+ 42560x1(k)2x2(k)y3(k)

−60800x1(k)2x3(k)y3(k)−196x2(k)2 −400x3(k)2

+4620800x1(k)3 −2310400x1(k)4 + 160000c11y1(k)

−196x2(k)2y3(k)−280x3(k)y3(k)−400x3(k)2y3(k)

+33120x3(k)x2(k)+ 1600x3(k)2x2(k)

−1600x3(k)2x2(k)2 −1120x3(k)x2(k)2

−2331680x1(k)2y3(k)+ 21280x1(k)y3(k)

+4620800x1(k)3y3(k)−2310400x1(k)4y3(k)

−42560x1(k)x2(k)+ 42560x1(k)2x2(k)

+60800x1(k)x3(k)−60800x1(k)2x3(k)−165649
]

/
[
400x3(k)2 + 2310400x1(k)4 −21280x1(k)

+280x3(k)−196x2(k)−4620800x1(k)3 + 196x2(k)2

+2331680x1(k)2−1120x3(k)x2(k)−60800x1(k)x3(k)

+42560x1(k)x2(k)+ 60800x1(k)2x3(k)

−42560x1(k)2x2(k)−1600x3(k)2x2(k)

+1600x3(k)2x2(k)2 + 1120x3(k)x2(k)2 + 160049

−121600x1(k)2x3(k)x2(k)+ 121600x1(k)x3(k)x2(k)],

u2(x,y) = −1 + c21x1(k)+ (−3.78 + c22)x2(k)

+3.78x2(k)2 + 0.8x3(k)−0.5c21(1 + x1(k)2)y1(k)

+αy1(k)2 +(c22 −β )y2(k)−2y3(k),

u3(x,y) = (0.06175−0.5c31)x1(k)
+(0.5c32 −0.035)x2(k)+ 0.5(1− c33)x3(k)
−0.1x2(k)x3(k)−0.095x1(k)x3(k)
+0.19x1(k)x2(k)x3(k)+ 0.0665x1(k)x2(k)
−(β −0.25c31)y1(k)−0.5c32y2(k)+ c33y3(k)

−0.0325 + 0.25c31y1(k)x1(k)2.

Let the Lyapunov function be L(k) = |E1(k)| +
d1|E2(k)|+ d2|E3(k)|, d2 > d1 > 1. Then from (4.4),
(4.5), (4.6) and (4.7), we obtain the derivative of the
Lyapunov function L(k):

∆L(k) = L(k + 1)−L(k)
≤ (d2|c31|+ d1|c21|+ |c11|−1)|E1(k)|

+(d2|c32|+ d1(|c22|−1)+ 1)|E2(k)|
+(d2|c33|+ d1 −d2)|E3(k)|.

If we set the constants c11, c21, c22, c31, c32, c33 to sat-
isfy

d1|c21|+ d2|c31|+ |c11| < 1,

d1|c22|+ d2|c32| < d1 −1,

|c33| < d2 −d1

d2
,

then ∆L(k) is negative definite which denotes that the
resulting close-loop discrete-time system




E1(k + 1)
E2(k + 1)
E3(k + 1)


 =




c11 1 0
c21 c22 1
c31 c32 c33







E1(k)
E2(k)
E3(k)




is globally asymptotically stable and limk→+∞ Ei(k) =
0, that is to say, the hyperchaotic Rössler discrete-time
system (4.1) and the Hénon-like map (4.2) are function
projective synchronized.

In the following we use numerical simulations to
verify the effectiveness of the obtained controllers
u(x,y). Here take c11 = 0.3, c21 = 0.02, c22 = 0.4,
c31 = 0.05, c32 = 0.1, c33 = −0.2, d1 = 4, d2 = 6, and
the initial values [x1(0) = 0.1, x2(0) = 0.2, x3(0) =
−0.5] and [y1(0) = −0.5, y2(0) = 0.2, y3(0) = 0.1],
respectively. The graphs of the error states are shown
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Fig. 7. Orbits of the error states. (a) The orbit of e1; (b) the
orbit of e2; (c) the orbit of e3.

in Figs. 7a – c, and the attractors of the two systems
with controllers are displayed in Figure 8.

–0.5 0 0.5 1x1y1 –1 –0.5 0 0.5 1

x2y2

–0.5

–0.4

–0.3

–0.2

–0.1

0

0.1

x3y3

Fig. 8. Two attractors after being synchronized with
( f1(x), f2(x), f3(x)) = ((1+x2

1)/2,−1,2): the dark one is
the response system with the controllers, and the other one
is the drive system.

5. Summary and Conclusions

We have defined the function projective synchro-
nization in discrete-time dynamical systems. Then
based on backstepping design with controllers, a sys-
tematic and automatic scheme was developed to in-
vestigate the FPS between the discrete-time drive sys-
tems and response systems with strict feedback forms.
Moreover the proposed scheme was used to illustrate
the function projective synchronization between the
2D Lorenz discrete-time system and the Fold system,
as well as the 3D hyperchaotic Rössler discrete-time
system and the Hénon-like map. Numerical simula-
tions were used to verify the effectiveness of the pro-
posed scheme.
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